ABSTRACT. In this paper we proof the existence of a linearization for singular principal G-bundles not depending on the base curve. This allow us to construct the relative compact moduli space of δ-(semi)stable singular principal G-bundles over families of reduced projective and connected nodal curves, and to reduce the construction of the universal moduli space over Mg to the construction of the universal moduli space of swamps..
INTRODUCTION

This work
1 is focused on the construction of a compactification of the moduli space of principal G-bundles on a reduced projective and connected nodal curve. A. Schmitt realised in [10] that a principal G-bundle can always be seen as a pair formed by a vector bundle and certain morphism of sheaves of algebras, once a fully faithful representation ρ : G ֒→ SL(n) is fixed. He constructed the compact moduli space of δ-semistable singular principal G-bundles over smooth projective varieties. Although this moduli space depends a priori on the fixed representation, he proved that coincides with the classical moduli space constructed by A. Ramanathan, as long as the rational parameter δ is large enough. Afterwards, he generalized this construction to the case of an irreducible nodal curve with one node [12] , while T. Gómez and I. Sols simplified and generalized A. Ramanathan's construction for higher dimensional smooth projective varieties [6] . In 2013, A. Langer [7] , gave a construction of a compact moduli space of δ-semistable singular principal G-bundles in the case of a family of irreducible projective varieties.
The construction presented in this work will be based on the techniques developed in [1, 5, 7, 10, 11, 12] .
The structure of the paper is as follows. In Section 2 we recall some basic definitions and known results. Section 3 is devoted to show that the local structure of a torsion free sheaf on a nodal curve can be enlarged to certain open affine neighborhoods (Theorem 3.3). In Section 4 we show how many pieces of the symmetric algebra S
• (V ⊗ F ) G we need to generate it (Theorem 4.2). It is shown that the number of required pieces depends not on the curve or the sheaf, but on the genus of the curve and the rank of the sheaf. The main novelty of this paper is Theorem 5.5; results of Section 3 and Section 4 allow us to prove that the type (a, b) of the associated swamp of a singular principal G-bundle on a nodal curve does not depend on the base curve. This, in turn, allows to prove, in Section 6, the existence of the moduli space of δ-semistable singular principal G-bundles over a family of reduced projective and connected nodal curves (Theorem 6.7). In Section 7 we point out that Theorem 5.5 and Theorem 6.7 reduce the construction of the universal moduli space of δ-semistable singular principal G-bundles to the construction of the universal moduli space of δ-semistable swamps. This might be a good candidate for the compactification of the universal moduli space of principal G-bundles over M g [2, 4] . §2 PRELIMINARIES
-Basic definitions and notation
Let O be a local noetherian ring with residue field k and M a finitely generated Omodule. The depth of M is defined as depth(M ) := min{i : Ext i O (k, M ) = 0}. Its dimension dim(M ) is just the dimension of its support, supp(M ) ⊂ Spec O. We say that M = 0 is a Cohen-Macaulay module if depth(M ) = dim(M ). The ring O is Cohen-Macaulay if it is a Cohen-Macaulay module. If R is an arbitrary noetherian ring, then an R-module M is Cohen-Macaulay if M m is a Cohen-Macaulay R mmodule for all m ∈ supp(M ). If X is a scheme and F a coherent O X -module we can extend the definition of Cohen-Macaulay to X and F in the obvious way.
Let C be a reduced connected projective curve over C (and therefore CohenMacaulay) and let F be a coherent O C -module. We say that F has depth 1 if depth(F x ) = 1 for all closed points x ∈ supp(F ). It is called torsion free if it is
Swamps and singular principal G-bundles
Cohen-Macaulay and supp(F ) = C. It is of uniform multirank r (or just rank r) if dim(F µ ) = r for every generic point of an irreducible component of C.
Let O C (1) be an ample invertible sheaf on the nodal curve C. The Hilbert polynomial of a coherent sheaf F over C with respect to O C (1) is
and the genus of C is defined as g :
A reduced projective and connected curve is said to be nodal if it has as much ordinary double points as singularities. Whenever we consider a nodal curve C, we will always be assuming that an ample invertible sheaf, O C (1), has been fixed on it.
-Swamps and singular principal G-bundles
Let C be a nodal curve over C, P a polynomial with integral coefficients of degree one, and L a locally free sheaf on C. We also fix natural numbers a, b ∈ N.
A swamp (or tensor field) over C is a pair (F , φ) where F is a coherent O C -module of uniform multirank r, with Hilbert polynomial P and a non-zero morphism of O C -modules, φ : (F ⊗a ) ⊕b → L . From now on we will say that P is the Hilbert polynomial of the swamp (F , φ) and r is its rank. Let (F , φ) and (G, γ) be two swamps with the same Hilbert polynomial P . A morphism between them is a pair (f, α) where α ∈ C and f : F → G is a morphism such that the following square commutes,
equipped with positive numbers m = (m 1 . . . , m t ) ∈ Q t >0 . We adopt the following convention: the one step filtration is always equipped with m = 1. A filtration is called saturated if the quotients F /F i are torsion free sheaves.
Consider now a swamp over C, φ : (F ⊗a ) ⊕b → L , and let (F • , m) be a weighted filtration. For each F i , we denote by α i its multiplicity and just by α the multiplicity of F . Define the vector Γ = t 1 m i Γ (αi) , where
Let us denote by J the set J = { multi-indices I = (i 1 , . . . , i a )|I j ∈ {1, . . . , t + 1}}. Define,
Definition 2.1. Let δ ∈ Q >0 be a positive rational number. A swamp (F , φ) is δ-(semi)stable if for each weighted filtration (F • , m) the following holds
Moduli spaces of swamps have been constructed under different assumptions in [1, 5, 7] . The most general result is given in [7, Theorem 3.5] , where A. Langer proves the existence of such a moduli space for relative schemes X → S. The interesting part for us is the one regarding the one dimensional case. Theorem 2.2. Let P be a polynomial with integral coefficients of degree one, f : C → S a projective morphism of k-schemes of finite type with geometrically connected fibers of pure dimension one, and O C (1) a relative ample invertible sheaf. Let L be a flat family of invertible sheaves on C and δ ∈ Q >0 . There exists a coarse projective moduli space for δ-semistable swamps (F , φ) with Hilbert polynomial P .
Proof. This is part of [7, Theorem 3.5] .
Let C be a nodal curve over C, G a (semisimple) reductive group, V a vector space of dimension r and ρ : G ֒→ SL(V ) a fully faithful representation. Definition 2.3. A singular principal G-bundle over C is a pair (F , τ ) where F is a torsion free sheaf of rank r and τ is a morphism of O C -algebras, τ :
, which is not just the projection onto the zero degree component.
Singular principal G-bundles appear when we try to describe principal Gbundles as vector bundles with an extra structure (see [10] ). In fact, if we assume that F is locally free and the geometric counterpart of τ , τ :
, takes values in the space of local isomorphisms, then we can recover the concept of principal G-bundle (see [10] ),
Since considering only locally free sheaves leads to a non-compact moduli space, we need to add objects in order to get a compactification. Then, we define (see [1, 10, 11] for the smooth and irreducible cases), Definition 2.4. An honest singular principal G-bundle over C is a singular principal G-bundle, (F , τ ), satisfying that τ : C → Hom OC (V ⊗ O C , F ∨ )/ /G takes values in the space of local isomorphisms outside the nodes.
One can define a semistability condition for honest singular principal G-bundles which, in case C is smooth, leads to the same moduli space as the classical one constructed by Ramanathan (see [9, 10] ).
Since semistable honest singular principal G-bundles are difficult to deal with, we have to consider all singular principal G-bundles. We will show that we can assign (injectively up to isomorphisms) a swamp of certain type to every singular principal G-bundle, as happens in the irreducible case (see [1, 10] ). Thus, we will say that a singular principal G-bundle is δ-semistable if the associated swamp is. We will prove, in Theorem 5.5, that the type (a, b) of the associated swamp does not depend on the base curve, but just on its genus. This let us to construct the relative moduli space for singular principal G-bundles. §3
EXTENDING THE LOCAL STRUCTURE OF TORSION FREE SHEAVES
Let C be a nodal curve, and let F be a torsion free sheaf on C of rank r. C. S. Seshadri showed (see [14, Chapter 8] ) that for each nodal point x (regardless of how many components this point lies on), there is a natural number 0 ≤ a ≤ r such that
This leads to the following definition. Definition 3.1. A torsion free sheaf of rank r is of type a i at a nodal point
Lemma 3.2. If F is a torsion free sheaf on C and x is a node that lies in only one irreducible component C ′ (respectively, that lies in two irreducible components C ′ , C ′′ ), then for each open subset U such that the only node contained in it is x, and is contained in C ′ (respectively contained in
Proof. Let U be an open subset satisfying the above conditions. Consider the natural morphism Φ : F U → F x that sends s to s/1, and let s ∈ F U be an element of the kernel. Assume that s = 0. Since
(the complement of the maximal ideal in O U corresponding to the point x) such that f s = 0. Consider the submodule M :=< s >⊂ F U . Since Φ(s) = 0 we have M x = 0. Therefore there is a finite set of points Z = {p 1 , . . . , p l } ⊂ U suth that M V = 0 with V := U \ Z, that is, M is supported on Z (this is because of the properties of U ). Then on each closed point of Z we find that M pi ≃ C ni , and therefore we have an inclusion M pi ≃ C ni ֒→ F pi for each i which can not be possible because depth(F pi ) = 1, so s = 0 and Φ is injective. Theorem 3.3. Let F be a torsion free sheaf on C of rank r. Let x ∈ C be a node and suppose that F is of type a on x, i.e.
Then there is an (affine) open neighborhood, U , of x not containing more nodes and an isomorphism
Proof. Let V be an open subset as in the Lemma 3.2. Then we have
Consider the ideal I =< {g i }, {t i } > and let
SOME RESULTS ON GRADED ALGEBRAS
e are going to prove that given a submodule of a commutative R-algebra generating it at a point p x ⊂ R, then the submodule generates it over some open neighborhood of that point. This result will be important in order to get a satisfactory linearization of our moduli problem for principal bundles.
Lemma 4.1. Let R be a commutative ring and X = Spec(R). Let B be a finitely generated commutative R-algebra and A ⊂ B a sub-R-algebra. Let x ∈ X be a point such that A x = B x , then there exists an affine open neighborhood U ⊂ X of x such that A U = B U .
Proof. Consider such a point x. From the equality A x = B x it follows that b s ∈ A x for any b ∈ B and any s ∈ R−p x , that is, for all b ∈ B there exists s ∈ R−p x such that sb ∈ A. Since B is finitely generated we can consider {b 1 , . . . , b l } a finite set of generators. For any i = 1, . . . , l there exists s i ∈ R − p x such that b i s i ∈ A. Define f := s 1 · . . . · s l . Let us show now that for any b ∈ B there exists a natural number n ∈ N such that f n b ∈ A. Let b ∈ B. Since B is finitely generated there exists
Since all the terms in this sum belong to A it follows that f n b ∈ A. Consider now the inclusion A f ⊂ B f and an element b/f e ∈ B f . From the last argument there is a natural number n ∈ N such that b/f e = bf n /f e+n ∈ A f , from what we deduce that A f = B f . Theorem 4.2. Let C be a nodal curve over C with nodes z 1 , . . . , z ν , G a reductive group and fix a representation ρ : G ֒→ SL(V ), V being a C-vector space of dimension p. Fix r ∈ N. Then there exists a natural number s = s(p, r, ν) such that for any torsion free sheaf F of rank r on C, the graded
is generated by the submodule
We will find this natural number in three steps.
Step 1: a) Let F be a torsion free sheaf on C of rank r and structure constants a 1 , . . . , a ν (see Definition 3.1). Let x ∈ C be a point and consider the O C,xalgebra
Let s x be the minimal natural number such that
G contains a set of generators of B x . b) For any point x ∈ C we construct an affine open neighborhood in the following way. Fix x ∈ C and consider the sub-O C -algebra A ⊂ B generated by the sub-O C -module
. By Theorem 4.1 we deduce that there exists an affine open neighborhood U x such that A Ux = B Ux . c) We get in this way a covering of C, {U x } x∈C by affine open subschemes and we can choose finitely many regular points
. . , s zν , s x1 , . . . , s x l be the corresponding natural numbers defined in a) and define s ′ = max(s z1 , . . . , s zν , s x1 , . . . , s x l ). d) Note that the natural number s ′ constructed in c) does not depend on the finite open cover we have chosen, since s x1 = · · · = s x l for all regular points.
Step 2: The natural number constructed in Step 1 depends apparently on F , but it does not. Actually, it just depends on the structure constants a 1 , . . . , a ν , the rank r and p. Suppose we have two torsion free sheaves F , G of rank r and the same structure constants. Note that the natural numbers defined in a) depends just on F x and G x . But with the above assumption, F x ≃ G x for all x ∈ C, and therefore s ′ = s ′ (r, p, a 1 , . . . , a ν ).
Step 3: Since there are only finitely many possibilities for the structure constants (once we fix the rank) we get in this way finitely many natural numbers s ′ . Consider the maximum of all of them and denote it by s. Then, s depends just on p, r and ν, and satisfies the properties of the statement.
Remark 4.3. 1) The last theorem also holds for non-connected nodal curves.
2) Let π : Y → C be the normalization of C. If C has ν nodal points, then we have an exact sequence,
UNIFORM LINEARIZATIONS OF SINGULAR PRINCIPAL G-BUNDLES
Let C be a (possibly non-connected) nodal curve. Consider a singular principal G-bundle on C, τ :
G is generated by the submodule
Then we have:
Adding up these morphisms as d ∈ N varies we find a swamp (see [10] )
We want to prove that the linearization map τ → ϕ τ is injective up to isomorphisms. Let us start with the following proposition.
Proposition 5.1. Let x ∈ C be a node, A = O C,x the local ring and τ, τ ′ :
Then there exists a dth root of unity ξ such that τ ′ = ξτ .
Proof. We have to consider two cases. a) The point x is the intersecting point of two components: Let p η1 , p η2 be the minimal ideals of A. Let {e 1 , . . . , e m } be the canonical basis of A m . Then
In particular τ (
Let j be such that τ (e j ) and τ ′ (e j ) are non zero. Since A is reduced this means that τ (e j ), τ ′ (e j ) ∈ p η1 ∩ p η2 = (0) so, in particular, there exists l = 1, 2 such that τ (e j ), τ ′ (e j ) ∈ p η l , and therefore
so there exists a dth root of unity ξ j such that τ ′ (e j ) = ξ j τ (e j ) for all j with τ (e j ), τ ′ (e j ) = 0. From Equation (6), we deduce that ξ j does not depend on j, so τ = ξτ ′ . b) The point x is not an intersecting point of two components: This case follow from the last part of the above argument.
Corollary 5.2. Let x ∈ C be a node, A = O C,x the local ring, M a finitely generated A-module and τ, τ ′ : M → A two non zero morphisms such that
Then there exists a dth root of unity ξ such that τ ′ = ξτ ′ .
Proof. Let {m 1 , . . . , m t } ∈ M be such that {m 1 , . . . , m t } ∈ M ⊗ A C is a basis. Consider the canonical surjection
Composing with τ and τ ′ we find two morphisms τ • π, τ ′ • π : A t → A. By Theorem 5.4 there exists a dth root of unit ξ such that τ
From now onwards, until the end of this section, we will denote by C 1 , . . . , C t the connected components of C. Theorem 5.3. Let F be a coherent O C -module on C with supp(F ) = C and τ, τ ′ :
Then there exists a dth root of unity ξ i , one for each connected component, such that
Proof. For all x ∈ C we have τ, τ ′ :
. By Corollary 5.2 there is a dth root of unity ξ x such that τ ′ x = ξ x τ x . We know that for any point
x . This is because the dual of a coherent sheaf with supp(F ) = C always has depth = 1 and we can apply Lemma 3.2. Thus, for any point x ∈ C there is an open subset U such that τ ′ U = ξ x τ U , from which we deduce that ξ x does not depend on x and that τ ′ | Ci = ξ i τ | Ci .
Lemma 5.4. Let s ∈ N and ξ i a s! i th root of unity for i = 1, . . . s such that for any partition of s!, d 1 + 2d 2 + . . . sd s = s! the following holds:
Then ξ j 1 = ξ j for all j ∈ {1, . . . , s}.
Proof. Consider the complex representation for each ξ ξ j = exp(2πi
Equations (7) are equivalent to 
Note that we can easily find s linearly independent solutions for this linear system 
Therefore the general solution for the system is given by
Note also that ξ j 1 = ξ j if and only if jk 1 − jk j = 0 mod(s!). But by Equation (9), we know that jk 1 − jk j = jk 1 − j(λ 1 + λ j s! j ) = −λ j s! = 0 mod(s!).
Theorem 5.5. Let G be a reductive algebraic group and let ρ : G ֒→ SL(V ) be a fully faithful representation, V being a C-vector space of dimension r. Let C be a (possibly non-connected) nodal curve over C of genus g. Then there are parameters (a, b), depending only on r and g, such that the mapping,    isomorphism classes of singular principal G-bundles
Proof. Define a := s! as in Theorem 4.2 and Remark 4.3. Now, b := N is obtained from a as we have seen in the last section. Following [13] pp 187, we have to show that, if
the degree i components of τ and τ
Consider now:
the morphism induced by τ 1 , . . . , τ s . Define in the same way τ ′ s . Note that from the surjectivity of the first two morphisms defining (4) it follows that if ϕ τ = ϕ τ ′ then τ s = τ ′ s . This implies, in particular, that
From Theorem 5.3 and Lemma 5.4 we deduce that for any connected component C j (j = 1, . . . , t) there exists an s!th root of unity ξ j such that:
Denote by u = diag(ξ 1 , . . . , ξ t ) : F ≃ F the induced automorphism on F . If we apply u to the singular principal G-bundle (F , τ ) we get a singular principal G-bundle (F , τ ′′ ),
each connected component, and therefore on the whole curve. Since s is large enough we deduce that τ
THE MODULI SPACE OF SINGULAR PRINCIPAL G-BUNDLES
Let C be a nodal curve, δ ∈ Q >0 and P a polynomial of degree one with integral coefficients. Let τ :
G contains a set of generators, and let φ τ : ((V ⊗ F ) ⊗s! ) ⊕N → O C be the associated swamp.
Definition 6.1. Let δ ∈ Q >0 be a positive rational number . A singular principal G-bundle (F , τ ) is δ-(semi)stable if its associated swamp (F , φ τ ) is δ-(semi)stable.
The aim of this section is to prove the existence of a coarse projective moduli space for the moduli functor given by In order to do so, we rigidify the functor to get the parameter space and then we take the quotient of the parameter space by the group of isomorphisms of the rigidification. Observe that once Theorem 5.5 is proven, the construction of the moduli space is done following the same strategy as in the smooth case [10] . Therefore we will just describe the main steps.
-The Parameter Space.
To rigidify the moduli problem we fix n ∈ N very large, as in the proof of [7, Theorem 6 .1], and W a vector space of dimension P (n). Consider the functor
isomorphism classes of tuples (F S , τ S , g S ) where (F S , τ S ) is a family of singular principal G-bundles parametrized by S with Hilbert polynomial P and
and let us show that there is a representative for it. Let Q be the Quot scheme of quotients, q : W ⊗ O C (−n) → F , with Hilbert polynomial P . Consider the following morphism on Q × C h :
induced by the universal quotient and the Reynolds operator. Let s ∈ N be as in Theorem 4.2 and Remark 4.3. Then h(
obtaining, therefore, a family of linear maps
is completely determined by a point in the space
We want to put a scheme structure on the locus given by the points ([q], [k]) ∈ Q * that comes from a morphism of algebras
Consider the pullbacks of the evaluation maps to
Composing both we get ϕ i :
, and summing up over all i we find ϕ :
Consider again the universal quotient q Q and the following chain of surjections
Let us denote by β the composition of these morphisms and consider the diagram
. This is a closed subscheme of Q * over which τ Proof. Follows from the construction of D.
-Construction of the moduli space.
Recall, from [7, Theorem 6.1] , that the family of torsion free sheaves F appearing in δ-(semi)stable swamps is bounded. As a consequence, there is a natural number n ∈ N large enough such that F (n) is globally generated and h 1 (C, F (n)) = 0. Fix such a natural number n, a and b as in Theorem 5.5, and consider the functors 
is such that its image generates F S and
Note that the natural GL(W )-action on the universal quotient W ⊗π * C O C (−n) ։ F Q * determines an action on the space D,
We can view the GL(W )-action as a C * × SL(W )-action. 
Moreover, the morphism induced between the representatives is a SL(W )-equivariant injective and proper morphism
Z ′ n,OC ,P being the parameter space for swamps of the given type (see [1, 5] , since the construction is the same). Let D 0 ⊂ D be the open subscheme consisting of points such that W → H 0 (F (n)) is an isomorphism and F is torsion free. Then we have, Proposition 6.3 (Gluing Property). Let S be a scheme of finite type over C and s 1 , s 2 : S → D 0 two morphisms such that the pullbacks of (F D0 , τ D0 ) via s 1 × id X and s 2 × id X are isomorphic. Then there exists anétalé covering c : T → S and a morphism h : T → SL(W ) such the following triangle is commutative Consider the linearized invertible sheaf M on Z ′ n,OC ,P with respect to the moduli space of δ-semistable swamps is constructed, and let L := β * M.
Proposition 6.5. In the above situation, we have: 1) All semistable points with respect to L lie in D 0 .
2) A point y ∈ D 0 is (semi)stable with respecto to L if and only if the restriction of the universal singular principal G-bundle to {y} × C is δ-(semi)stable.
Proof. Follows from the construction of the morphism β (see Equation 11 ), the definition of δ-semistanility for singular principal bundles, and Theorem 2.2.
We finally have, Theorem 6.6. There is a projective scheme SPB(ρ)
and an open subscheme SPB(ρ)
together with a natural transformation
with the following properties: 1) For every scheme N and every natural transformation α ′ : SPB(ρ) δ-(s)s P → h N , there exists a unique morphism ϕ : SPB(ρ)
2) The scheme SPB(ρ) δ-s P is a coarse projective moduli space for the functor
Proof. By Proposition 6.3, Proposition 6.4, Proposition 6.5 and Theorem 2.2, the quotients SPB(ρ)
) is a projective scheme and satisfies 1) and 2).
6.3 The relative moduli space 6.3. -The relative moduli space Let S be a C-scheme, π : C → S a flat family of nodal curves, Sch S the category of S-schemes, δ ∈ Q >0 and P (n) a polynomial of degree one with integral coefficients. Consider now the moduli functor,
isomorphism classes of families of δ-(semi) stable singular principal G-bundles on C × S T parametrized by T with Hilbert polynomial P    Note that we can construct the relative parameter space for families of singular principal G-bundles copying almost word by word the construction of the parameter space for the fiberwise problem. With this in hand, we can establish the natural transformation (10) corresponding to the relative problem due to uniform linearization given in Theorem 5.5. With this and Theorem 2.2 we can state the last theorem.
Theorem 6.7. Let π : C → S be a flat family of nodal curves, O(1) a relative polarization with degree h on the fibers, G a (semisimple) reductive group, V a vector space of dimension r, ρ : G ֒→ SL(V ) a fully faithful representation and P a polynomial of degree one with integral coefficients such that leading coefficient is h · r. Then there exists a coarse S-projective moduli space for δ-semistable singular principal G-bundles, (F S , τ S ) such that F S has Hilbert polynomial P on the fibers. Remark 6.8. Suppose that S = Spec A, A being a discrete valuation ring. Assume also that the special fiber C 0 is a stable curve and the generic fiber C η is smooth.
1. Assume further that C 0 is irreducible. By the results of [12] we can assume that there is a rational number δ large enough such that both, (SPB C /S (ρ) δ-(s)s P ) η and (SPB C /S (ρ) δ-(s)s P ) 0 , parametrizes semistable honest singular principal G-bundles. From [10] we know that (SPB C /S (ρ) δ-(s)s P ) η coincides with the moduli space of semistable principal G-bundles. Theorem 6.7 applied to this situation was proved by G. Faltings in a more general way for the orthogonal and symplectic groups [3] .
2. A natural question is whether the generic fiber (SPB C /S (ρ) δ-(s)s P ) η is dense or not. This was studied by X. Sun in a series of papers for the special linear group [15, 16] . A. Schmitt gave in [12] a scheme-theoretic structure to the closure of the generic fiber in the whole space by using generalized parabolic structures, and it seems to be not clear, a priori, that this question has a positive answer. §7
A REMARK ON THE UNIVERSAL MODULI SPACE OVER THE MODULI SPACE OF STABLE CURVES
It is important to note that the consequences of Theorem 5.5 are deeper than those deduced so far. To show that, let us recall briefly the construction of the moduli space of stable curves (see [4] for the whole construction) and apply Theorem 6.7 to the universal curve of genus g ≥ 2. (1) H g belongs to the semistable locus, (2) H g is closed in the semistable locus. Finally, the action of SL N +1 on P N induces an action on H g , and Gieseker shows that M g = H g /SL N +1 .
-A remark on the universal moduli space
Let us denote by U g the relative universal curve
and let ν : U g → P N be the second projection. Consider the relative very ample line bundle ν * O P N =: O(1) on the universal curve. We can now apply Theorem 6.7 to the family ν : U g → H g and the relative polarization O(1). Thus, we get a moduli space over H g , SPB Ug /Hg (ρ) δ-(s)s P → H g . The SL N +1 -action on H g lifts to an SL N +1 -action on SPB Ug /Hg (ρ) δ-(s)s P . Then we have to study the GIT problem associated to this SL N +1 -action if we want to construct the universal moduli space over M g . Following [8] , we need to show that all the numerical parameters involved in finding the right polarization on the parameter space for the fiberwise problem do not depend on the base curve. Therefore, the uniformity of the linearization given in Theorem 5.5 reduces the construction of the universal moduli space for δ-semistable singular principal G-bundles to the construction of the universal moduli space for δ-semistable swamps.
